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ABSTRACT 

In this paper we study 3-form gauge fields in four-dimensional = 1 supersymmetric 
theories. We give the sigma model action together with its Poincare dual action for 
massless and massive 3-forms. The resulting target space geometries are Kahler where 
the respective field variables and superspace couplings are related by a Legendre trans- 
formation. 
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1 Introduction 



Supersymmetric multiplets which contain p-form gauge fields are of particular interest in 
string theory as they generically appear in the low energy efi^ective action. In standard 
Calabi-Yau compactifications these p-forms are massless while in generahzed compactifi- 
cations and/or string backgrounds with non-trivial background fluxes they can be massive 
gaining their mass via a Stiickelberg mechanism [1-3]. 

In this paper we study massless and massive 3-form gauge fields Cnpq in four-dimen- 
sional {D = A) N = 1 globally supersymmetric theories. When Cnpq is massless its 
equation of motion forces the field strength to be a constant and thus no propagating 
degree of freedom is left [4]. For this reason massless 3- forms have also been discussed 
in connection with the problem of the cosmological constant [5-9] . The 3-form can gain 
a mass via the Stiickelberg mechanism by "eating" a 2-form and as a consequence a 
massive 3-form has one physical scalar degree of freedom. 

In = 1 supersymmetric theories the massless 3-form resides in a super mult iplet to- 
gether with two scalar and two fcrmionic physical degrees of freedom [10-12] and Poincare 
duality relates this multiplet to a non-minimal scalar multiplet discussed in [13,14].^ A 
massive 3-form multiplet gains its mass by "eating" a linear multiplet which contains 
a 2-form as one of its components. The linear multiplet also has two scalar and two 
fermionic physical degrees of freedom so that a massive 3-form multiplet altogether has 
four scalar and four fermionic degrees of freedom. Its Poincare dual multiplet is closely 
related to the complex linear multiplet studied in [18, 19]. The massive 3-form multiplet 
appears in the effective description of gaugino condensation and was used to describe a 
(massive) pseudo-scalar glueball [20-22]. 

In this paper we systematically study the massless and massive 3-form multiplet, their 
renormalizable and non-renormalizablc actions and their Poincare dual descriptions. We 
pay particular attention to the issue of boundary terms which in the non-supersymmetric 
case were discussed in [6-9] while, as far as we know, the supersymmetric version does 
not exist in the literature so far. 

For the case of a non-renormalizable sigma model we find that the scalar fields of 
the 3-form multiplets span a Kahler manifold. The dual scalars have the same geometry 
but with the Kahler metric expressed in terms of the Legendre transform of the original 

Kahler potential. A massive 3-form multiplet features an additional real scalar whose 
sigma model metric is related to the mass matrix of the 3-forms. In the dual action the 
massive 3-form is replaced by another scalar and the resulting geometry is the product 
of two Kahler manifolds. 

This work is organized as follows. In section 2.1 we introduce the 3-form multiplet 
and give its field strength as well as its gauge and supersymmetry transformations. In 
section 2.2 wc give the renormalizable kinetic action and discuss the necessary super- 
symmetric boundary terms. In section 2.3 wc introduce mass and Fayet-Iliopoulos terms 
and compute the component action, while the modification of the mass spectrum in the 
presence of a superpotential is discussed in 2.4. The dual actions in the massless and 
massive case are derived in sections 2.5 and 2.6 respectively. Section 3 generahzes the 

^ Since 3-forms can also play the role of the Yang-Mills Chern-Simons term, the 3-form multiplet has 
been used in the description of gauge anomalies in supersymmetric theories [11, 15-17]. 
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analysis to non-renormalizable couplings. Here we confine our attention to the bosonic 
terms in the action and focus on the appearing target space geometries. In section 4 
we study the coupling of massive 3- form multiplets to chiral multiplets. We conclude in 
section 5 and some additional material is assembled in six appendices. Appendix A sum- 
marizes our conventions while Appendix B recalls the different N — 1 supermultiplets. 
In Appendix C we review the issues of boundary terms and boundary conditions for the 
3-form action in non-supersymmetric theories and its connection with the cosmological 
constant. Appendix D provides some generic formulas for eliminating auxiliary fields 
which we frequently use in the main text. Appendix E discusses the dual action for the 
special case of Kahler potentials with a shift symmetry. Finally, Appendix F gives a brief 
introduction to the Legendre transformation. 



2 The 3-form multiplet 

2.1 Components, field strength and gauge transformation 

The superfield U which contains a 3-form Cnpq can be constructed from a vector multiplet 
with the vector field defined as^ 

Vm^ ISmnpqC''^'' : m, 71, p, = 0, . . . , 3 . (2.1) 

It reads^ [12,20] 

u ^ B + iex-iOx + oeM* + eoM + lea'^esmupqC''^'' 

(2.2) 

+ eee{V2\ + la'^d^x) + eee{^/2X - \a"'d^x) + oooo{d - \^b) , 

where B and D are real scalars, M is a complex scalar, and x ^"^^ ^ ^"^^ Weyl spinors. 
Like the vector multiplet, U carries 8 fermionic (x, A) and 8 bosonic (5, M and C'^P'i) 
degrees of freedom off-shell. The difference between the 3-form multiplet and the vector 
multiplet is only visible in the definitions of their field strengths. A vector as a 1-form 
has a 2-form field strength, with another 2-form as its dual. The field strength of the 
3-form on the other hand is a 4-form 



Hmnpq ^d^mCnpq] dmCnpq d^Cpqui ~l~ dpCqmn dqCmnp i (^■'^) 

with a 0-form H as its dual, 

TT ^-mnpq TT tt tt /<-> a\ 

41'- ^mnpq ) ^mnpq '^mnpq^ • \^'^) 



For this reason a field strength for the 3-form multiplet cannot be constructed like the 

1 f=>27 



vector multiplet's Wa = —jD'^DaV defined in (B.6). Instead it is defined by [10-12] 



S = -WU , (2.5) 



^Our conventions are summarized in Appendix A while basic facts about the various supermultiplets 
used in this paper arc recalled in Appendix B. 

•^Compared to the usual normalization we rescaled U in (2.2) and (2.5) by a factor of 16 for later 
convenience. 
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which imphes that S is chiral 

D^S^O. (2.6) 
Its expansion in component fields reads 

M + iea'^edmM + \eeeenM + V^ex + ^eeea'^OmX + oe{D + iH) . (2.7) 

Since U is real S is not a generic chiral superfield.^ Indeed, the imaginary part of the 
6'6'-component of S is the dual field strength which, being a total divergence, is not 

an unconstrained scalar field. 

From its definition (2.5) we see that S is invariant under the gauge transformation 

U ^ U-L , (2.8) 

where L is a linear multiplet obeying D^L = D^L = 0. In particular, L contains a real 
scalar E, a Weyl fermion 77 and the field strength of a two-form d^nBpgj as component fields 
(see Appendix B.3 for further details). Using (B.8) one infers the gauge transformation 
of the component fields to be 

B^B-E, x^X-V, M^M, 

(2.9) 

Cnpq Cnpq ~ d[nBpq\ , A ^ A , D ^ D , 

which renders B and x gauge degrees of freedom. Thus the massless 3-form multiplet U 
has four scalar and four fermionic off-shell degrees of freedom, which occur in the field 
strength multiplet (2.7).'"^ 

The supersymmetry transformations of the 3-form multiplet are given by [11, 12] 

6^X = \/2ia"'^dmM + y/2^{D + iH) , 

S^Cr^p, = e^npqC + 'j"'%x) + h-C. , (2.10) 

= iix - iiX , 
Sa^-'2i^M* + a"'^{-iemnpqC''^'' + dmB) . 

Note that the gauge invariant components of S transform among themselves as in an 
ordinary chiral multiplet. Also note that the second term in the supersymmetry variations 
of the 3-form (which does not appear in the references [11, 12]) constitutes only a gauge 
transformation since it can be written as 

Smupq^a^^'dlX = ld^nepq]mlC<T'^'x ■ (2-11) 

''Recall that every chiral superfield can be expressed as $ = D^F with F being complex. 

^Note that since 5 is a chiral superfield it naturally carries mass dimension 1. Prom (2.5) and the 
fact that Da has dimension 1/2 it follows that U has mass dimension 0. 9a has dimension —1/2 and 
thus (2.2) implies dimension for B and 1/2 for i.e. both fields have non-canonical mass dimensions. 
Therefore, when they enter the massive 3-form action as will be described in sec. 2.3, they have to be 
rescaled in order to get kinetic terms of the standard form. 
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2.2 Renormalizable action of the massless 3-form multiplet 



We are now prepared to construct the gauge invariant kinetic action for massless 
3-form multiplets C/", a = 1, . . . , A^3 with field strengths S"'. Since the 5"" are chiral, the 
kinetic action is given by the standard expression [14] 

Ss^ J S^iS^S'^ = J i^x S^i ( - dmM" d'^M*^ - iA V"*a^A'^ + D'^D^ + H^H^) , 

(2.12) 

where = and = since both are rcal.^ The D'^ arc auxiliary fields which 
vanish by their equations of motion = 0. The action (2.12) contains the correct 
kinetic term for the 3-form 

H-H^ = . (2.13) 

However, as we discuss in more detail in Appendix C, one has to add a boundary term to 
the action (2.12) in order to impose the gauge invariant variational boundary condition 
6H°-\qm = instead of the gauge variant 5C^pg|ax = required by (2.12) [7,8]. (Here /A 
is the integration volume.) In a supersymmetric theory the boundary condition should 
in addition be supersymmetry invariant and thus we demand 



55" 



0, D^idS"") =0 (2.14) 



dM 



dM 

rather than SV^lgM — 0, Da{SU°')\gM — 0. This can be achieved by adding to (2.12) the 
boundary term 



B = i J(fzD'^{S''DaU'' - {DaS^'p'') +h.c. 

= Re j(fzD''{S''DJJ'')-\Re j D"^ {S^U") , 



(2.15) 



where the first term in the second line of (2.15) contains the boundary term for the 
3-forms 

-\ y"d^xa^(i/"£™c;jj . (2.16) 

One can easily check that the variation of the action 

S'^ = S:, + B (2.17) 

with respect to U is given by 



5S', 



lJd^z-{D^S'')SU'' + D"{{5S'')DaU''-Do,{SS'')U'')+h.c. . (2.18) 



Applying the constraint (2.14) to the variation (2.18) leads to the superfield equations 
of motion 

D^S" + D^S" = . (2.19) 



^To obtain the component action we used partial integration for the fields and A" which might 
seem questionable since we cannot assume that boundary terms involving the 3-form field strengths i?" 
vanish and the lattcir transform into these fields under supersymmetry. The issue of the boundary terms 
is discussed in more detail in the following and in Appendix C. However, for now we can note that 
boundary terms do not affect the equations of motion and therefore it is legitimate to drop them here. 
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They include the equations of motion for C^^^ 

^mnpqQ^jja ^ q ^ (2.20) 

which imply that the 3-form field strengths are constants, i.e. if" = c" with c" e R. 
Thus the action (2.12) describes 2A^3 bosonic and 2A^3 fermionic degrees of freedom on- 
shcll. Due to the presence of the boundary term (2.16) one can check that the 3-forms 
contribute a positive constant potential [5-9] 

V = c"c" , (2.21) 

corresponding to a positive correction of the bare cosmological constant Aq^ 

A = Ao + SttGc^c" . (2.22) 

The supersymmetry variation of A given in (2.10) shows that it transforms inhomoge- 
neously for if" = c" 7^ and thus supersymmetry is spontaneously broken with A being 
the Goldstone fermion. 



2.3 Renormalizable action of the massive 3-form multiplet 

Let us now consider a massive 3-form multiplet by adding a gauge invariant mass term 
to the action (2.12) with the help of the Stiickelberg mechanism. One introduces 
additional linear multiplets L'" with the transformation law 

L'" ^ L'" - L", (2.23) 

where the transformation parameters L" are also linear superfields. Due to (2.8) the 
combination U"" — L'" is gauge invariant so that one can add to the action the mass 
term [22] 

Su.^s = Jd'z{- ImliU^ - L"^){U' - L") + UU'' - L"")) , (2.24) 

where mai, = fni^a is a symmetric mass matrix and the parametrize possible Fayet- 
Iliopoulos terms. The additional degrees of freedom introduced by the L'" can be ab- 
sorbed into the C/" by fixing a gauge. In the following we work in the "unitary" gauge 
L'" = 0. Furthermore, for simplicity we assume that there are no massless modes and 
thus niab is invertible.^ In the gauge L'" = we have the action^° 

= [d^x(- dmM" d'^M"* - iX^a^'OmX" + D^D" + H^H" 
J ^ (2.25) 

- lmlt,{ix''a'^dm)t - V2ix''X^ + v^ix"A^ + 2M"M^* 

+ 23^0^ - \B''UB^ + iQpqC^"^^) + iaiD" - in^")) . 

''Without the boundary term the contribution would be negative (for a detailed discussion see Ap- 
pendix C). 

^Note that cubic terms in U are non-renormalizable. 

''The action for massless modcis was already given in section 2.2. 

^°The boundary terms (2.15) should be added to the massive action as well. Since we are not going 
to eliminate the massive 3-forms here, this is however not relevant for our purposes. 
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The auxiliary fields D°- can be eliminated by their equations of motion 



26abD'-ml,B'^ + U = Q. (2.26) 

This is done most conveniently by "completing the square" as described in Appendix D, 
leading to the on-shell action 

- m^,(|xV"^a^x' - ^X"A^ + ^X"A^ + M'^M'* (2.27) 

As we already mentioned in footnote 5, B°^ and do not have standard mass di- 
mensions. In the previous section this was irrelevant as both fields dropped out as gauge 
degrees of freedom. For a massive 3-form multiplet however, they become physical and 
in order for their kinetic terms to have the canonical form we need the following field 
redefinitions 

B'- := \{5'''m,,B'^ - m-^""^;,) , x'" -^^^-^'m^cX^ . (2.28) 

Note that we also shifted i? by a constant proportional to the Fl-parameter ^. From (2.27) 
we see that as long as m^^ has maximal rank ^ merely induces a vacuum expectation value 
for B but does not break supersymmetry. However, whenever m^^ has a zero eigenvalue 
and the corresponding ^ is non-zero, supersymmetry is spontaneously broken. In the 
following we assume to have maximal rank and perform the field redefinition given 
in (2.28). Then the on-shell action is independent of ^ and reads 

^3 = Jd^x{- a™M" dmM^* - ml^WM^* - d^'B'^dmB"' - ml^^B'^B'^ 

- UV-a^A« - ix'V-9^x'" - m„5x'"A^ - m^^'^A^ ^^.29) 

We see that the fermions A" and x'"' form A^3 massive Dirac-spinors corresponding to 
4N3 fermionic degrees of freedom. The N3 massive 3-forms now contribute one bosonic 
on-shell degree of freedom each, because their equations of motion 

-Sab = rnl.C'^P'^ , (2.30) 

which imply 

d^'Cl, = 0, Subnet,, = mlCt,, , (2.31) 

remove 3A^3 of the AN^ off-shell degrees of freedom. Together with A^3 complex scalars 
M" and the A^3 real scalars B'"^ we thus also have 4A^3 massive bosonic on-shell degrees 
of freedom. 
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2.4 Including a superpotential 



Since the 5"" are chiral superfields, one may also add a superpotential to the action. This 
is an alternative way to introduce masses for the components of the 3- form multiplet, 
although the 3-form itself cannot gain a mass in this way as we will see below. A 

superpotential can also lead to spontaneous supersymmctry breaking as in the case of 
ordinary chiral multiplets. For simplicity we drop the mass term of the previous section 
and start with the action 



(f9(f9 S''S'' + J(f9W{S) + J(f9W*{S) 
= Jd^x(^- dmM" d'^M"* - iX^a'^drnX" + D^D" + H^H" (2-32) 
+ Wa{D''+iH'') + W*{D''-iH'') - ^WabX^'X'' - IW^^feA'^P) , 



where 



Wa{M) :-- 



dW 



(2.33) 



e=e=o 

The auxihary fields D°- can be easily eliminated from (2.32), creating a contribution to 
the scalar potential 

Vd = (Re(W^a))' . (2.34) 

However, also the massless 3-forms have to be eliminated in order to find the effective 
scalar potential. Their equations of motion read 

s^^^'^dmiHa - lm{Wa)) = , (2.35) 

where Ha = SabH^, and they have the solution Ha = lm{Wa) + Ca with Ca G M. In order to 
impose gauge invariant boundary conditions one again has to add appropriate boundary 
terms to the action (2.32). We will not do this in a supersymmetric way here, but only 
give the correct boundary term for the 3-forms which reads (cf. (2.16)) 

B, = -I jd^:dm[{Ha - Im(iy„))£™C«^^) . (2.36) 

When this term is added to the action, the contribution of the 3-forms to the scalar 
potential is found to be 

V3 = HaHa . (2.37) 

Ha = Im(VFa) + Ca 

Thus the effective scalar potential is given by 

V = WaW: + 2calm{Wa) + c„c„ = {W^ + iCa){W: - icj . (2.38) 

This coincides with the result for ordinary chiral multiplets with the modified superpo- 
tential [11,22] 

W{S) = W{S) + iCaS" . (2.39) 

Thus the analysis of spontaneous supersymmctry breaking and the mass spectrum can be 
performed in exactly the same way as for the well known O'Raifeartaigh models [23,24]. 
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Wc find that a superpotential can create masses for the scalars M" and Weyl spinors A" 
but the 3-forms remain massless. 

One may also consider an action 



d X 



d^d^ (^S^S" - \ml^WU^ + ^a^") + jd'^ W{S) + jd^W* {S) 

"(2.40) 

that contains both a superpotential and mass and FI terms for the U"" as done in [20-22] 
for the low energy effective description of = 1 SYM theory. The 3-forms are then 
dynamical field variables that cannot be eliminated from the action. The only auxiliary 
fields of the theory are the that couple both to the as in (2.25) and to the real 
part of Wa as in (2.32). After their elimination and rescaling of B and x as in (2.28) one 
obtains the action (dropping the prime on i?" and A") 

^3 = Jd%(^- drnM"" d'^M''* - iX^a'^dm'X" + H^H" - d'^B^dmB" - ixV"^9^x" 

- (x"A^ + x"A^) - IWabX^'X' - W^^.X'X' - ml,M^M'* 

- KbClvf""" - 2Im(iy„)i/» - (m„,S^ - Re(iy„))' ) . 

The equation of motion for C^^^ reads 

- Im(PV„)) = m\C'^^'^ . (2.42) 



(2.41) 



(2.45) 



Since the massive 3-forms carry one physical degree of freedom each, they can be repre- 
sented by the real scalars 

0" m-^^^iE^ - Im(W^b)) . (2.43) 

It follows from (2.42) that this scalar satisfies the equation of motion 

5„;.n0^ = m^,0^ + m,^l^{W^) , (2.44) 

while the equations of motion for B"' and M" are 

SabOB' = ml,B' - mabRe{Wb) , 

SabOM' = ml,M' + W*J¥, + iy„>6e(-S^ + i^^) . 

These equations call for the definition of the iVa complex scalar fields 

N" := -B" + . (2.46) 

In the theory dual to (2.41) where the 3-forms are replaced by the scalars 0", the scalar 
potential is given by 

V = m^,M»M^* + (m,,Ar^ + W^J(m„,Ar^* + W*,) , (2.47) 

as can be easily seen from the equations of motion for M" and N"-. As V vanishes for 
M" = 0, A^" = —m^^"'^Wi,\M=Oi supersymmetry again remains unbroken by virtue of the 
non-singular mass matrix rUab- Moreover we find that {S"') = 0. 



9 



As linear terms in W only induce a shift in the VEVs of the N"', one can absorb 
them into the N'^ by redefining — 7> (N"-) + iV". Thus we can assume without loss of 
generality that the superpotential is of the form 

W(S) = luabS'^S'' + 0{S^) (2.48) 

with a symmetric matrix Then the mass terms of the scalar potential (2.47) can be 
identified as 

V = (Mt iVt) (^^^ + higher order terms . (2.49) 

The quadratic mass matrix for the fermions A" and can be directly read off from 
the action (2.40) and is given by 

=(^* n = + ^^T) . (2.50) 

^'^ \m J \m J \ mil J ^ ^ 

It is identical with the mass matrix for the scalars M" and N"' found in (2.49). In the 
one dimensional case (A^3 = 1) the mass eigenvalues are given by 



11/^1 



(2.51) 



Note that this coincides (for real n) with the result given in [22] with the correspondence 
II — mil, = iTT-u- Obviously, the four bosonic and fermionic mass eigenstates organize 
into two chiral supermultiplets with masses m+ and m_ respectively (as this is the only 
N — 1 supermultiplet which contains only particles of spin and 1/2). 



2.5 Dualization of the massless action 

It is possible to reproduce a physical action from a 'first order action' by introducing 
additional fields with algebraic equations of motion [25] . Alternatively the original fields 
can be eliminated from the first order action, giving rise to a dual action. There is a 
one-to-one map between the on-shell degrees of freedom of action and dual action which 
is defined by the Euler- Lagrange equations of the first order action. 

For the case at hand the massless action (2.17) can be reproduced from the first order 
action [14] 

^first = J d'z {-S'^'FaF^ + + F-J--) + Bfi,,t , (2.52) 
including the boundary term 

Bfirst = i /^'^ {FaD'^U'' - D'^FaU'^) + h.c.) . (2.53) 
Here the Fa are unconstrained superfields with a component field expansion 

— - (2-54) 
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where /„, ha, ria and da are complex scalars, Wam is a complex vector and ipa, V^a, '^a ^-nd 
(a are Weyl spinors. The Fa can be eliminated from (2.52) by inserting their equations 
of motion 

gabp_ ^ ^ ^2.55) 

reproducing the action (2.17). 

To find the dual action one inserts (2.5) to obtain 



Sfir^t = jdh{- IS'^'FaF-, - iFaD^U'^ + {FaD'^U'' - D'^FaU'^) + h.c.) 

= Jd'z{- d'-'Fah - \ {D'Fa + D'Fa) U^) , 



(2.56) 



where the Leibniz rule for the covariant superspace derivatives was applied. Note that 
due to the boundary term the first order action has a simple form whose variation with 
respect to [/" yields immediately (and without dropping any boundary term) a constraint 
for F„ 

= -\{D^Fa + D''Fa) 

= na + n: + eCa + eCa + OOda + + ^^a™^9„(n, - <) (2.57) 

+ leeoa^dUa + leeoa^d^Ca + \eeden{na + <) . 

As usual, Poincare duality has exchanged the equation of motion with the constraint (cf. 
(2.19)). We will see below that the condition (2.57) is special for the massless case in 
that it reduces the number of degrees of freedom in Fa while in the massive case the Fa 
remain unconstrained superfields. As implied by (2.57) C,a and da vanish while the Ua 
become purely imaginary constants, 

Ca = , 4 = 0, na = ica, with Ca e M . (2.58) 

Therefore Fa takes the form 

(2.59) 

+ «(-|a^< - \Dfa) , 

containing 12 bosonic and 12 fermionic off-shell degrees of freedom. Using (2.57) and 
(2.59) we obtain as the dual component action 

-5dual = jd^zi-S'^'FaF-,) 

= Jd'x (/:(|a„< + in/a) + IV'a^a - ^Va<j"'dm^a (2-60) 
- IhaK - \CaCa + ^^W™ + h.C.) . 

After eliminating the auxiliary fields il^ai'&a-i ha and Wam we obtain 

^dual = jd^{- dmfad""!: - iVa'j'^d^(Pa - 5aC„) ■ (2.61) 
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Just like the original action (2.12), the dual action describes complex scalars and A^3 
Weyl spinors. The field strengths of the 3-forms are replaced by the constants c^, that 
also create a constant positive potential. In fact, the superfield equation of motion (2.55) 
includes the duality relation 

if" = Im n-* = -5"^C6, (2.62) 

so that the cosmological constants of action and dual action coincide. 

Before we proceed let us note that in the dualization of the massless action a new 
multiplct F appeared. It differs from the complex linear multiplet described in Appendix 
B.4 only by the free constant c (for c — they coincide). This difference arises from the 
fact that S is not a general chiral superfield but constructed from a real superfield U via 
(2.5). If U was complex then D^Fa and D'^Fa had to vanish separately in (2.57) as in 
the known duality between the chiral and the complex linear multiplet [19]. 

2.6 Dualization of the massive action 

Let us now determine the dual action of massive 3-form multiplets. In this case the 
first order action is given by 

-Sfirst = Jd'z{- d'-^Fah + + F-aS^ - Iml^U'^U' + Cat/") , (2.63) 

where we simply added the mass and Fayet-Iliopoulos terms to (2.52). Since the equations 
of motion for Fa are the same as in the massless case, the massive action (2.25) is correctly 
reproduced when the Fa are eliminated from (2.63). 

In order to find the dual action we first rewrite (2.63) as in (2.56) 

^first ^ jdh{- 5^'Fah - it^" {D^Fa + D^Fa) - \ml,U^U' + e„C/») , (2.64) 

and then again eliminate the 3-form multiplets [/" by their equations of motion 

-\{D^Fa + D^Fa) - ml,U' + = . (2.65) 

In contrast to the massless case (2.57) the superfields Fa now remain unconstrained and 
the complex scalars da, Ua and the Weyl spinors (a no longer drop out of the dual action. 
Substituting (2.65) into (2.64) and using the abbreviation 

na:=l{D^Fa + D^Fa) , (2.66) 

we obtain the dual action 

^duai = Jd'z{- d'^'FaFi + Im-^^'ina - ^a){nb ' 6))- (2-67) 

Using the ^-expansions of Fa and as given in (2.54) and (2.57) respectively, we find 
the component action 

^dual ^ jd'x^- fadl - f:da - Id^fad"^ fl + l^n./^^* " K^m/a* + \«m 
+ m-'"^ {-d^Uad^nl - ICaCT'^d^Cb + dadl) ) . 

(2.68) 
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Note that the Fl-parameters have dropped out of the action due to the fact that 
the highest component of is a total space-time divergence (remember that they also 
dropped out of the original action (2.25) by a field redefinition). The action (2.68) still 
contains the auxiliary fields ha, ipa, ^a, da and w^. Eliminating them by their equations 
of motion and performing the field redefinitions 

< := 5am-'"'n, , Ca ■■= -j=,Sabm-"'Xc , (2.69) 
yields the on-shell action 

-Sdual = fd'x{- dm fad"' fa - mljaft ' ^rn^a^n'; - m^,« 

J (2.70) 

The action (2.70) is dual to the renormalizable massive action of the 3-forni multiplet 
given in (2.29) and describes the dynamics of 2N^ massive complex scalars /a,n^ and 
A^3 massive Dirac spinors ipa, C- The massive 3-forms C'^pq and the real scalars that 
appear in (2.29) are represented in the dual action by the complex scalars n'^, so that 
action and dual action again contain an equal number of on-shell degrees of freedom. 



3 Non-renormalizable action 



3.1 From the superfield Lagrangian to the on-shell action 



In this section we drop the requirement of renormalizability and consider an action with 
arbitrary real functions K[S, S) and G{U — L') given by^^ 



^3 = jdh [k{S, S) - G{U - L')) . 



(3.1) 



5*3 is invariant under the combined gauge transformations (2.8), (2.23) and as before we 
choose the gauge L' = 0. For simplicity we restrict our analysis to the bosonic part of the 
action from now on by setting all fermionic components to zero. Using (2.2) and (2.7) 
we obtain the component form of (3.1) 



(3.2) 



- Ga {D'^ - \UB'^) - \Gab (2M«M''* + i^-^'^C^,,)) , 



where we defined 
K. 



Gai...a„(-B) 



OK 



dG 



e=o=o 



(3.3) 



. . . dU"" 



e=e=o 



^^We choose a minus sign for the G-term in order to have canonical kinetic terms for the scalars i?" 
for a positive definite Gab- 



13 



We see that the complex scalar fields Af" can be viewed as coordinates of a Kahler 
manifold with metric K^^ derived from the Kahler potential K. K^i is taken to be 
positive definite and hence also its symmetric part, which for a Kahler metric coincides 
with its real part is positive definite and in particular invertible. The equations of motion 
for the auxiliary fields D"" imply 

D'' = {KeK)-^''' {\Gk - {ImK^.H'') , (3.4) 

where {ImK)bc denotes the imaginary part of the Kahler metric while (ReX)"^"^ denotes 
the inverse of its real part. Inserting (3.4) into (3.2) we obtain 

+ QabH'^H'' + Ga{ReK)-^''\lmK),,H^ - \Ga{ReK)-^''''G, ] , 

(3.5) 

where in the second step integration by parts was used. Note that Gab ^ the sigma model 
metric of 5" coincides with the mass matrix of M" and C". In (3.5) we also defined the 
real metric 

gab {ReK)ab + {lmK)ac{ReKy\lmK),, = Ka^iReK^'^Ks, , (3.6) 

where the second expression for Qab shows explicitly that it is positive definite and that 
its inverse is given by 

^-1"'' = Re(X-i^'') . (3.7) 

The last term in (3.5) plays the role of a scalar potential. Depending on the choice of the 
functions K and G it can lead to non-vanishing vacuum expectation values of the fields 
B°- and M" as in the renormalizable action (2.27). 

The non-renormalizable action for massless 3-form multiplets can be obtained from 
(3.1), or (3.5) respectively, by setting G = 0. As we learned in section 2.2 in this case it is 
important to add appropriate boundary terms to the action (3.1). These terms should be 
such that they cancel all variational boundary terms containing 6U°' in favor of boundary 
terms containing SS"", which we assume to vanish. 

Let us pause and outline the general prescription for finding the correct boundary 
terms for an arbitrary gauge invariant action 5*3 involving the 3-form multiplets 

Ss^ Jd^zK{S,S,F,F) , (3.8) 

where F denotes possible other superfields whose variations are assumed to vanish at the 
boundary. Each term in the variation of this action with respect to [/" 

SS, = -1 J,fz (§:mSU") + §iD\SU-')'^ (3.9) 
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contains exactly one 6U" with two superspace derivatives acting on it. Thus one has to 
apply integration by parts twice for each term in SS3 

-i Jd'^D^ {j^aD^m - (^"^) ^U-) +h-c. . (3.10) 

In order to exchange these for terms depending only on 5S"-, D°-{5S°') and their complex 
conjugates, one adds to the action (3.8) the boundary terms 

B = \ jd^D, {^^D-U^ - (i^^H) U^) +h.c. . (3.11) 
Indeed, the boundary terms in the variation 6 {S3 + B) are then given by 



^S^'t^"-(^''^|^)f^")+h.c. (3.12) 



(3.13) 



which vanish by the variational constraints. 

Following this prescription we add to the action (3.1) the boundary term 

B^-\ Jd'zD^{D''K,{S,S)U'' - K,{S,S)D''U'') +h.c. 

= Re jdhD^{Ka{S,S)D^U'') Jd^z D^Ka{S, S)^) . 

The first term in the second line of (3.13) contains all the boundary terms involving the 
3-forms C^p^ without derivatives, which are 

B, ^-l fd'x drr,[{iReKUH' - (ImX)„,L>^)£™C»p^) 

(3.14) 

= -| jd'xdm{ga,H'^e^^P<iCip;) , 

where we used (3.4) in the second line. Now we are ready to eliminate the 3-forms from 
the massless sigma model action given by 

S^^ jd'x{- K^ld^M-dmM*^ + g^H'^H'^) +B3 . (3.15) 

The equations of motion for H"^ enforce 

QabH^ = Ca , with C„ G R . (3.16) 

Inserted back into (3.15) one obtains 

-53 = jd'x (- K^d^M-dmM*^ - Re(X-i«'') c^c^) . (3.17) 

We see that the massless 3-forms generate a (positive) potential for the scalars M°. Since 
K^l is positive definite, a positive cosmological constant is induced and supersymmetry is 
spontaneously broken whenever one Ca 7^ 0. As we will see below, the same phenomenon 
occurs in the dual action. 
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3.2 Dual action in the massless case 

We now want to find a dual action for tlie massless action (3.1), i.e. with G = O}^ For 
the first order action we make the ansatz 

S&rst = Jd'z{- k{F, F) + + Ft,S') , (3.18) 

where K is real. The equations of motion for Fa then read 

dK 



= S" . (3.19) 



dFa 

In order to reproduce (3.1) (with G = 0) K has to fulfill the equation 

This relation is satisfied when K is the Legendre transform of K and vice versa (the 
Legendre transformation is its own inverse, see App. F). Therefore we assume here that 
K is strictly convex so that a Legendre transform as defined in Appendix F exists. Then 
the relation (3.19) is invertible and equivalent to 

^« = ^ ^ ^«('^"^) ■ (3-21) 

The dual action is obtained by eliminating t/" from the first order action (3.18) 
together with the boundary terms (2.53). Note that the latter exactly reproduce the 
terms given in (3.13) for Fa — Ka{S, S). Just hke in (2.56), we can then write the action 
in the form 

-^first + i3fi,,t = j(fz(^- k{F, F) - \U%D^Fa + D^Fa)) . (3.22) 

As before, variation with respect to U"' yields the constraint (2.57) and thus Fa again 
takes the form (2.59). Inserted into (3.22) one obtains the dual action 

- Jd^zK{F,F) 

+ k-\- IWamWr + hahl + C^C^) 

The fields ha and Wam have purely algebraic equations of motion and can thus be elimi- 
nated. This is most conveniently done for the ha by completing the square as described 



'dual 



^^In Appendix E we discuss the special situation of a Kahler potential with an additional shift sym- 
metry. 
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in Appendix D with the result 



S, 



dual 



d X 



(3.24) 



Following the prescription given in Appendix D, we can also complete the square with 
respect to the fields w'^ by writing the action in the form 



^dua. - jd'x\\ ( W + K) {WT + UT)) 



k^ k 



ab 



^brn ~t~ "^bm 

W- + li- 
bra bra 



p^ab jf^ab 
^ab j^ab 



bm 



\d^U drr^k- - 19-/1 drr^K^ (3-25) 



where the solve the equations 



(j^ab j^ab 
j^ab j^ab 



l^bm 

U- 
bm 



—I 



dmK- 



(3.26) 



The action (3.25) depends on the Hesse matrix of the Legendre transformed Kahler 
potential K{f, /*) which, as derived in Appendix F, is the inverse of the Hesse matrix of 
K{M, M*). However, let us ignore this fact for the moment and only notice that Hess K 
is invertible with its inverse given by (cf. (D.12)) 



(HessX)-' = 



C D 
D* C* 



where 



= - k^-^kz^k'^) ' , 



(3.27) 



Cab = -K7-}K~^D*,, . 



db 



The equations of motion for the Wam and w^j^ imply that the term in the first line of 
(3.25) (the "square") vanishes and thus we obtain the on-shell action 



'dual 



Kd^k'^D^d^K') + \{d^k-Cabdmk'' + d^^K-Clj^drr^k^) 



(3.28) 



- |a"7a5mi^" - WTAK^ + ( K^'^k-'k"' - k^' ] a^a-, 



cd 



To simphfy this expression, we substitute Cab — ~^bck'^'^k^^, use the chain rule for 
gmj^a Qj^^ relation 

K^k^^k"" = - D-^"^ . (3.29) 

This leads to 

-^duai = jd'x (- Dabd^k-dmk~' - Re(L'-^^«)c„C6) . (3.30) 



^^As K is the Legendre transform of K, it is implicit in formula (F.IO) (with K and K exchanged) 
that K'^^ is invertible. 
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Using (HessK)-i = RessK we obtain from (3.27) (cf. (F.IO)) 

D,j,{f,n = K,i{M,M*) , (3.31) 

where has to be evaluated at 

M" = k%f, /*) , M*» = K"(/, /*) . (3.32) 

Equation (3.32) is just the lowest component of the Legendre relation (3.19) that appeared 
as the equation of motion for Fa in the first order action (3.18). Using (3.31) and (3.32) 
we see that the kinetic term of the dual on-shell action (3.30) is equal to that of the 
original action (3.2). In particular the "new" metric 

Dab = (^^" - K^'^KuK"^) ^ (3-33) 
appearing in the dual action is again Kahler with respect to its natural variables i^" and 

^614 

Let us now show that also the potential coincides upon using (3.32) and the duality 
relation of the constants and which is contained in (3.19). The 66 and ^-components 
of (3.19) with constrained Fa (i.e., Ua = iCa) read 

k'^'^hb - ik^'^c-b ^0" + iH" , k^^hl + ik'^^Cb = . (3.34) 

The second equation in (3.34) is just the equation of motion for the auxiliary field ha 
which we already used to compute the on-shell action (3.30). Inserting the solution for 
/i~ into the complex conjugate of the first equation in (3.34) and using (3.33), one finds 
the on-shell duality relation 

H" = Re{k'^k-^k^ - k'^)cd = -Re(D-^"'^') q . (3.35) 

From this last equation, (3.7) and (3.31) one can derive the relation between the constants 
Ca and Ca appearing in the on-shell action (3.17) and dual action (3.30) to be 

Ca = QabH^ = -Ca ■ (3.36) 

Now we see that the sigma model action of the massless 3-form multiplet (3.17), is indeed 
equal to its dual action (3.30) by use of the two duahty relations (3.32) and (3.36). 

In conclusion, we discuss the relation of the action (3.17) with its dual (3.25). The 
two supcrficld equations of motion of the first order action (3.19) and (2.57) can be 
used to eliminate the corresponding superfields from the action so that it becomes the 
original action 5*3 of the 3-form multiplet or the dual action ^duai respectively. Together 
they contain all equations of motion of the first order action, in particular also those of 
the auxiliary fields which where used to eliminate them from action and dual action to 
obtain the final on-shell actions (3.17) and (3.30). Thus it is clear that one can translate 
these on-shell actions into each other by making use of all the information contained in 

^'*For the case of the complex hnear multiplet, i.e. for Ca = 0, ref. [18] derives a different result that 
apparently does not lead to a Kahler geometry in the dual action. We thank J. Gates for discussing this 
issue. 
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(3.19) and (2.57). However, the situation is not that simple because these two superfield 
equations also contain the equations of motion of the physical fields Af " and appearing 
in the on-shell action and dual action. Therefore one might not expect that these actions 
can be translated into each other only by use of the duality relations (3.32) and (3.36). 
It has to be considered as coincidence that this is nevertheless possible for the massless 
case, so that the transition from action to dual action can be described as a simple field 
redefinition. Clearly, it would not be possible if the number of off-shell degrees of freedom 
of action and dual action did not coincide. (In the massive case they do not coincide 
and one has to make use of the equations of motion of the physical fields to translate the 
dual action back into the 3-form action.) On the other hand, using the duality relations 
(3.32) and (3.36) as a field redefinition to re-express the dual action in terms of the fields 
Af*^ and constants one will find an action whose equations of motion are equivalent to 
those of the dual action by these relations. As the massless 3-form action (3.17) has the 
same property, it is not very surprising that they coincide. 



3.3 Dual action in the massive case 

Let us now turn to the massive case where the potential G{U) is nontrivial. We simply 
add this term to the first order action (3.18) and consider 

(S'first. = / dP'Z 



j(fz(^- K{F, F) + F^S'' + FiS^ - Gill)) , (3.37) 



where K is again the Legendre transform of K. Since the Euler-Lagrange equations 
(3.19) do not change, the original action (3.1) is reproduced correctly. We then rewrite 
the action as^^ 

^first = jdh(^- k{F, F) - \U^{D^Fa + D^Fa) - G{U)) , (3.38) 

and determine the Euler-Lagrange equation for U"" to be 

dG 



= -MD'Fa + D'Fa) = na. (3.39) 



To eliminate the U°' from the action we have to assume that G has a Legendre transform 
G. When this is the case, we find as a dual action 

^duai = jdh{- K{F, F) + Gin)) . (3.40) 

Using (2.54) and (2.57) we obtain the component action 

-5dual = - [i^" {da - !□/„ - i^^O + K"' (-|«;>6m + Kn,) + h.C. 

(3.41) 

+ K^' HK^L + haH + rianl) + G^' [dJl - dmUad^nl) ] . 



Again, in the massive case it is legitimate to drop boundary terms. 



19 



Note that compared to (3.23), the complex scalars da and Ua also appear in the massive 
dual action since now the Fa remain unconstrained. The equations of motion for the 
auxiliary fields da and ha implied by (3.41) are 

Inserted into (3.41) yields^^ 



'dual 



- drnk^ {\d^fa + lO - dmK^ {\d^f*a - K*) (3-43) 

- D-^'-'nanl - K'G^a'K" - G^'d"'nadmnl 

where D''^"^ = K"^ - k"-''k~J^k^. Note that the action (3.43) differs from the massless 
action (3.24) only by the three terms given in the last line of (3.43). Therefore the 
auxiliary fields w'^ can be eliminated using the same steps as in the massless case and 
we obtain the massive dual action 

^duai = Jd^[- Daid'^k'^dmk^ - G^^d^^Uad^nl - D-^'^^naul - k^Q-^k^) . (3.44) 

Just as for the renormalizable action discussed in section 2.6, the massive 3-forms are no 
longer dual to constants but are represented, together with the real scalars Ba, by the 
complex scalars Ua- Note that G"^ can be viewed as a Kahler metric derived from the 
Kahler potential G{n,n*) = G{n + n*) which has a shift symmetry. The last two terms 
in (3.44) form the potential of the scalars /„ and Ua- 



4 Coupling to chiral fields 
4.1 Renormalizable couplings 

In this section we study the couphng of 3-form multiplets C/" to Nc chiral multiplets 
We start with the renormalizable massive action (2.25) and add kinetic and interaction 
terms for The action is then of the form^'^ 



ld*x 



fd^d^ {S^'S'' + <^>'¥ - Iml^VU^ + iaU^) + {Jd^ W{S, $) + h.c.) 

(4.1) 

where we split W as 

W{S, $) = W'^'^-iS, $) + W^{S) + W^{^) . (4.2) 



^'^Note that G"^ is invertible with = G^b 

^^Note that this is a gauge fixed action, with the gauge specified in section 2.3. Furthermore, for 
renormahzable theories m^f, has to be constant and we do not consider a couphng because it can be 
rewritten as a couphng in the superpotential using JdPO^U = —jD^{^U) +tot. divergence. 
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In order for the action to be renormalizable W can be at most cubic in the superfields. 
$ has components A,ip and F defined in Appendix B.l while for S we use (2.7). This 
yields (cf. (2.25)) 



la 



+ D^D^ + H^H^ + F'F'* - m^ftdxV^^a^x^ - fx" A'' - |x"A^ + M^'M^* 

+ {Wa (£>" + iii"") + WiF' - IWijip'iP^ - ^WabX^X'' - WaiX'^iP' + h.c.) 

-4.3) 

Compared with the action (2.40), here we have the additional auxiliary fields that 
create a contribution WiW* to the scalar potential. Thus, after ehminating the auxihary 
fields, redefining B and x as in (2.28) and dualizing the 3-forms to scalars 

(j)-:=m-"''{H,-lm{Wb)) , (4.4) 

we obtain the action 

S = jd'^xl- dmA' d"A'* - ii^'a'^dmij' - d'^M" dmM^* - iAVa^A'^ - ix'V'^a^x 

- Kftx'^A^ + WaiX'^i^' + IWabX'^X'' + \Wiji^'i^^ + h.c.) - 9^7V«9"^7V«*-V] . 

(4.5) 

As in section 2.4 we defined A^" := —5" + and the scalar potential is given by 

V = m^,M«M^* + WiW* + {mabN' + Wa) {macN"* + W*) . (4.6) 

The form of this potential implies that supersymmetry is unbroken if and only if there 
is a field configuration for which the equations 

mabN' + Wa = Q, Wi = Q, M'^ = (4.7) 

are fulfilled. If ruab is invertible the first equation in (4.7) always has a solution which 
determines the N^. For renormalizable interactions we can assume that VF™*- in (4.2) is 
of the form 

W'^'iS, $) = + Pa,.,^"$*$^' + 7aM5"5^$* , (4.8) 

and as consequence the second and third equation in (4.7) can be summarized as 

Wf{A)^Wi\M=o^^ ■ (4.9) 

This implies that in the class of models considered here supersymmetry is broken for 
exactly the same O'Raifeartaigh superpotentials W^ as in the well known chiral theories 
[23]. It is particularly interesting that supersymmetry cannot be broken by W™^' and W^ 
for a non-singular mass matrix ntab as the first equation in (4.7) always has a solution. 
This also prevented the Fayct-Iliopoulos term from breaking supersymmetry in (2.25). 

Let us now analyze the mass spectrum of the theory for the special case W^{S) = 
= iy*($). Note that in this case supersymmetry is unbroken since the potential (4.6) 
vanishes for M" = A^" — A^ — 0. Since all fields have vanishing vacuum expectation 
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values, contributions to the mass matrices only come from terms that are quadratic in 
the fields.^® For the scalars these can be found in 

m^.M-M" + W:Wi = {ml, + M'^*M' + ..., (4.10) 

where dots denote terms that are at least cubic. Next we collect the mass terms for the 
scalars N"- and which are entirely contained in the term 

+ W,\'= + /.,,Af + . . . = {N'* A^*) (^^'^^ (m., /x„,) (^^^ +... . 

(4.11) 

Thus we have determined the quadratic mass matrix for the A^ and N'^ which can be 
written in matrix notation as 

"0 (^-12) 



Obviously, m^^^ has (at least) Nc zero eigenvalues corresponding to the Nc linearly 
independent vectors in the kernel of the A^3 x (A^3 + A^^) matrix (m /x). The remaining 
A^3 eigenvalues of m\[ j^ coincide with the eigenvalues of the hermitian x A^a matrix 

g:=(m/x)(^^)=m2 + /./.t. (4.13) 

The corresponding eigenvectors of m^^^ are given by 

m\ ( mVa\ , . ^ ,\ 

when fa, a = 1, . . . , A^3, are the eigenvectors of Q. Note that the quadratic mass matrix 
for the M" given in (4.10) coincides with Q* so that for each eigenvalue of Q there are 
two complex scalar fields (i.e., four on-shell degrees of freedom) with this mass.^^ Let us 
also analyze the fermionic mass spectrum in order to determine the physical supermulti- 
plets into which the mass eigenstates are organized. The quadratic mass matrix for the 
fermions of the theory. A", x" and ■0*, is found to be 

m / m ij\ (m? -\- n*/!^ 



, = m0 m00 = \ . (4.15) 



^//t / 0/ \ ^J}m n^n^ 

The A" mix among themselves to form mass eigenstates and their mass matrix coincides 
with that of the M". As the corresponding linear combinations of the A" and are 
contained in the same chiral superfield (which is a linear combination of the S""), it is 
clear that also the quanta associated to these fields reside in one chiral supermultiplet. 
Furthermore, the mass matrix for the and is identical with m% j^. Thus there are 
also 2Nc massless fermionic states, which join the 2Nc massless bosonic states to form Nc 
massless chiral multiplets. Furthermore, there are another 2A'3 fermionic mass eigenstates 
for the eigenvalues of Q which reside in A3 chiral multiplets with the corresponding linear 
combinations of the A^" and A^ (or, more precisely, the physical states associated to these 
fields). 



^^We could also include terms that are linear in S as they would only shift the VEVs of the N". By 

redefining i¥" {N") + A^°, wc would reduce the problem to the case where W^{S) = 0. 

^^This is special for the case of vanishing superpotentials. It is generally not true when or W'^ is 



nontrivial, e.g. for = i/if^ . 
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4.2 Non-renormalizable coupling 

In the non-renormalizable case we allow for arbitrary couplings between the t/" and 
as well as non-renormalizable kinetic terms that mix and S"'. Thus we start with the 



expression 



d^d^ 5, $) - G(C/, $)) + Jd^W{S,<^) + Jd^W*{S,<^) 

(4.16) 

We again consider only the bosonic part of the action, which has the component form^'^ 



K^l{- dmMad'^M*^ + D''D^+H''H^) + 2{lmK^i)H''D^ 

+ Pfj{~d,nA'd'^A*~^+F'F*~^) + [Ku{-d^M*~^d'^A'+{D~^-iH~^)F') +h.c.] 

- Gai{\dmB''d^B'' + M-^M^* + IQ^.C''"^'') 

- GaD'' - GaiM-F' - G,jM''*F*~^ + li{Gaid^A' - G'„j9"^^*^>„„p,C«"^'« 
+ WiF' + WfF*' + Wa {D" + iH") + Wl {p^ - ii/^) 1 , 

(4.17) 

where we defined Pq := Kq — Gij. The action (4.17) still contains the auxihary fields 
and D". To eliminate them, we once more follow the prescription given in Appendix D 
and first consider only the part of the Lagrangian containing the F*. With the definitions 

Zi := -iH^K-ai - GaiM'' + Wi , Ji := D^K-ai + Z, , (4.18) 

this is^"'^ 

Cf = F'Pf.F*'^ + JiF' + J^F*~^ 

' (4.19) 
= {F' + JlP-^^')Pf^{F*^ + P-^^^Jk) - J-jP~^^'Ji . 

After elimination of the only the second term in the second line of (4.19) survives. 
Then the part of the Lagrangian containing the fields D"- becomes (note that Ji also 
depends on the D"') 



where 



Ld = F>"(i^„5 - K,jP-'^'Kii)D' + QaD- 

— {D"' + \QcR ^'^"')Rab{D^ + \R ^^'^Qd) — \QaR ^""^Qb 

Qa := -2{lmK,t,)H' -Ga + 2Re{Wa - K]P-'''Zi) , 
Rab := Re{K^ - K^jP-^^'K^^ . 



(4.20) 



(4.21) 



^•^Here integration by parts was applied to rewrite the terms with d'Alambert operators. Note that 
the 'mixed kinetic' terms proportional to dm^^'d^^B"' (and complex conjugate), that arise in this step, 
cancel due to the different signs of the D-terms in U and One can argue that such terms cannot 
appear in a supersymmetric theory as their supcrsymmctry variation cannot be canceled by the variation 
of a kinetic term for their superpartners tp and x because B is real while A is complex. 

^^Since P^j is the sigma model metric for the scalars we assume it to be invertible. 
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Now the D"^ can also be eliminated from the action: again the first term in the second 
line of (4.20) vanishes and one finds that all the terms in the action (4.17) containing 
the auxiliary fields and D"^ are replaced by 

Jd^x{- Zip-'^'Zi - lQaR-''"'Qb) . (4.22) 

This expression contains potential terms for the scalars M", B"- and as well as terms 
involving the field strengths if". To separate them, let us define 

Zi := -GaiM- + W, , 

(4.23) 

Qa := -Ga + 2Re{Wa - K,]P-'''Zi) . 



(4.24) 



Then the on-shell action can be written as 

- Gab{\d^B^d"^B' + iC^^,C^"^^) + 1{GAA^ - G„ja^A*^>™C;j^^ 
+ gabH'^H'' + Im (QaR-''''K,, - 2Z^p-^~^'Ki, - 2W,^ H'^-V 

where the 3-form field strengths come with the metric 

gab = Re{Kab - KajP-'~''K,^ + {ImKac)R-''''{lmKs) (4.25) 
and the scalar potential is given by 

V = GabM'^M'* + Z^p-^^'Zi + lQaR-'''''Qb ■ (4.26) 

5 Conclusion 

In this paper we determined the couplings and dualities of 3-forms in = 1,D = 4 
globally supersymmetric theories. We gave the actions for massless and massive 3-form 
multiplets including supersymmetric boundary terms. We first discussed renormalizable 
interactions where we also allowed for the presence of a superpotential. When dualizing 
these actions we found that a cosmological constant arises in the massless case while 
the dual action of massive 3-forms contains an additional scalar field. In analogy to 
the known duality between the chiral and complex linear multiplet, there appears a new 
multiplet that, in the massless case, differs from the complex linear multiplet only by a 
constant. 

In the non-renormalizable case we focused on the scalar geometry of the non-linear 
sigma model for 3-form multiplets. Elimination of the massless 3-forms from the action 

was demonstrated in order to find the on-shell action with the scalar potential. We 
derived the Poincare dual action and showed that in the massless case the transition 
from action to dual action can be described by a field redefinition so that the dual 
action comes with the same Kahler geometry as the original one. In the massive case an 
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additional real scalar appears and its sigma model metric is related to the mass matrix of 
the 3-forms. In the dual action this scalar, together with the massive 3-form, is replaced 
by a complex scalar and the resulting geometry is the product of two Kahler manifolds. 

Finally we coupled the massive 3-form multiplets to chiral multiplets, studied the 
condition for supersymmetric backgrounds and determined a typical mass spectrum. 
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Appendix 



A Conventions 

In this paper we use the conventions of [24]. The Minkowski metric is rj = diag(— 1, 1, 1, 1) 
and we fix the totally antisymmetric tensor £"^"-pi in four space-time dimensions by 

= £oi23 = det^ = -l for g ^ ri . (A.l) 

Spinor indices are raised and lowered with the antisymmetric tensor as follows 

(A.2) 

= £21 = 1 , e^^ = £12 = -1 , Safse'^^' = SI . 
Two spinors can form Lorentz invariant products by contraction of their indices: 

V'X = V'^Xa = XV' , 'i/'X = '^aT = XV' ■ (A.3) 

The Pauli matrices cr™ and a"^ are defined by 

. ( 1 ^'^ -maa . ^6.8 ^aB _m ( \ A\ 

^ad ■= ,0- ,0- jad , 0- .= £ ^£ ^(T^^ , (A.4j 

and the conventions for the superspace integration are 

jd^z := jd^x Jd'ed'e , d'e ■.= le^^dOadOp , d'e ■.= -\e^^de^de^ . (a.5) 
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The generators of supersymmetry Q^i Qa were chosen to be represented by 

Qa-^-i^J^dm, Q^ = -^ + ^0''<a^m: (A.6) 

while the covariant superspace derivatives D^, are defined as 

= + ^Cd^'^^m , 5, = - A - ie'^a^dm . (A.7) 

B N=l supersymmetry multiplets 

For completeness we recall various N — 1 supermultiplets in this appendix. 

B.l Chiral multiplet 

The chiral superfield is defined by 

Da^ = 0, (B.l) 

and can always be expressed via an unconstrained complex superfield F as ^ — D^F. In 
terms of component fields it has the generic form 

$ = ^ + iea'^edmA + \eeeeDA + y/2ei^ - ^eeOm^a^'o + eoF , (b.2) 

containing a complex scalar A, a Weyl fermion and an auxiliary field F. Its renormal- 
izable kinetic action is given by 

jSz^^^ Jd^x{- dmA d'^A* - i^l^a'^dmi' + FF*) . (B.3) 
B.2 Vector multiplet 

The vector multiplet is represented by a real superfield V = V . Its ^-expansion can be 
written as 

V = B + iex-iOx + OOM* + eOM + 2ea"'evm 

(B.4) 

+ 999 {V2X + la'^dmx) + 999{^/2\ - |(7"*9^x) + 9999 {D - \nB) , 

with real scalars B and D, a complex scalar M, a real vector Vm and Weyl spinors %, A. 
The vector multiplet is used for the description of supersymmetric gauge theories with 
Vm being the gauge boson. A gauge transformation is implemented as 

+ $ + Vm-^ V„, + ^draiA-A*) , (B.5) 

with a chiral superfield The (Abelian) field strength multiplet of V, invariant under 
(B.5), is defined by 

Wa = -\D^D^V , (B.6) 

and it contains the field strength Vmn = dmVn — dnVm- With the help of (B.5) one can go 
to the Wess-Zumino gauge where the components x and M in (B.4) are set to zero. 
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B.3 Linear multiplet 

A real multiplet L = L that satisfies the additional constraint [26] 

D^L = , D^L = (B.7) 
is called linear multiplet. Its component form is given by [27] 

L^E+ier]-iefj+ lea'^eemnpgd^'^BPi^ + leeea'^dmv - leeea'^dmfi - \eeeenE , (b.s) 

containing a real scalar E, the field strength of a 2-form B^'^ and a Wcyl spinor r]. The 
action reads 

S^- Jd^zL''^ jd^x{- IdmEd'^E - irja^'dmfi - \d^nBpq]d^'' B^''^) . (B.9) 

The linear multiplet carries, like the chiral multiplet, (4 + 4) (4 bosonic and 4 fermionic) 
degrees of freedom off-shell. On-shell it has (2 + 2) degrees of freedom and contains no 
auxiliary fields. There is a duality between the chiral and linear multiplet that corre- 
sponds to the on-shell equivalence of a scalar field and a 2-form. 



B.4 Complex linear multiplet 

The complex linear multiplet E is defined by a condition similar to (B.7) but with E 
being complex [18, 19]: 

L>2E = , D^E = . (B.IO) 
This implies the component expansion 

E = / + + v^^<^ + + ea'^ewm + eee^ - -^ma"'dm<f 

(B.ll) 

where f,h are complex scalars, w„,, is a complex vector and ip^ip^d are Weyl spinors. 
Altogether these are (12 -|- 12) off-shell degrees of freedom. The action for E reads 

S^ - f(fzT.t^ jd^ {^rd^w"" - yd^w""* + If Of* + i^i? + 

J (B.12) 

- i<pa"'dm<f - hh* + . 
After elimination of the auxiliary fields Wm, h, i? and ip one obtains the on-shell action 

jd'x{-dmfd^r -iipa^d^^). (B.13) 

Like the action of the chiral multiplet, it describes a complex scalar and a Weyl spinor. 
Therefore the chiral multiplet can alternatively be dualized to a complex linear multi- 
plet [19]. 
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C The massless 3-form action: boundary terms and 
duality 



In this appendix we discuss the action of a massless 3-form, its duahzation and its con- 
nection to the cosmo logical constant. We deal with the issue of boundary terms and 
show that the appropriate variational constraint says that the variation of the scalar 
field strength has to vanish at the boundary of the integration volume. 

The canonical action of a massless 3-form is^^ 

•^3 = -T4 Jd'xH^^pgH^-Pi = Jd'xH^ , (C.l) 
where H^upq — 4:d[mCnpq] — —SmnpqH. The equation of motion for the 3-form 

^mnpqg^jj = (C.2) 

forces the field strength to be a constant, H = c with c e M, or 

For this reason the massless 3-form has been studied in the context of the problem of the 
cosmological constant [5-9]. 

However, the action (C.l) is not the full story since its variation includes a boundary 
term of the form 

SSs = I jd'xdmiHe^^P^Cnpq) - \ j d^X {dmH)e^^P'^SCnpq ■ (C.4) 

Thus, for the action (C.l) one has to impose 

SCnpq\gj^ = , (C.5) 

in order to make the boundary term vanish [dAi denotes the boundary of the integration 
volume M.).'^^ One might already doubt that (C.5) is a vahd boundary condition as it 
is not gauge invariant. Moreover, it has been pointed out in ref. [6] that substituting 
the solution (C.3) back into (C.l) yields the wrong sign for the correction of the bare 
cosmological constant Aq. The correct value of the effective cosmological constant can 
be found by coupling the 3-form to gravity via the action 

Ss,EH =16^/^^ - 2Ao) + Jd'x V^H-" , (C.6) 

where 

TJ 1 c-'^^npqTT TT 1 _ TT / (~\ lj\ 

— 24^/^ rnnpq i ^mnpq — ^J^^^mnpq^ • y^-' ) 

(Here we used (A.l) which implies for example s^'^'^'^Smnpq — '^'^9 and the definition of H 
was chosen such that it is a Lorentz scalar.) 



^^The usual normalization includes another factor of 1/2 which we omit for convc;nic!nce. 
^^Alternatively one could demand (5C"^^(a:) — >■ for a; — > cxd sufRciently fast when one integrates over 



the whole Minkowski space. 
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The equation of motion of the 3-form again reads s'^'^^'^dmH — which is solved by 

H^c, or ^ ^ ^^e^-PiH^r^p, ■ (C.8) 
Inserting this solution into the stress energy tensor 



which appears in the Einstein equations i?™" — ^g™^R = —Aqq"^"- + SvrGT"^", one com- 
putes an effective cosmological constant A = Aq+SttGc^. On the other hand, substituting 
(C.8) into the action (C.6) yields A = Aq — SttGc^. This discrepancy is clearly a result of 
the incompatibility of the variational constraint (C.5) with the solution (C.8). More pre- 
cisely, in order to implement (C.5) in the on-shell action, (C.8) constraints the variations 
of the metric by 



/ 

Jm 



d'x 5^g = ^!d'x a„(£'""^^5Cnp5) = , (C.IO) 

JM 



IM 

which is not a reasonable constraint. In fact, there is no way at all to implement the 
constraint 5Cnpq\dM = in the on-shell action since for given Sgmn the solution (C.8) fixes 
^Cnpq only up to a gauge transformation. Thus it is not possible to derive a consistent 
on-shell action from the action (C.6). To cure this, one imposes a different variational 
constraint on the 3-form by demanding [8] 

5Hl^ = . (C.ll) 

This condition is automatically fulfilled by (C.8). In order to apply (C.ll) one modifies 
the action (C.l) by adding the following boundary term [8] 

S'^ = jd^xH^-l Jd^xdmiHe^^^P'^Cnpq) , (C.12) 

which does not alter the equations of motion. Indeed, the variation of (C.12) is given 

by 

5S'^^~\j d'x (dmH)s^^P15Cnpq ^ijd'x dm {8 H E^^^'^ C . (CIS) 

Substituting the solution (C.3) into 5*3, we find that the boundary term has the opposite 
sign than the kinetic term and is twice as big resulting in 

{S'^) = ^-2^ = -^ , (C.14) 

which is indeed the correct positive contribution to the cosmological constant. 

Finally, let us discuss the dual action of (C.12) including the boundary term. One 
couples the scalar field strength H to another real scalar via the first-order action 



-5fi,st = Jd'x {-(!>'' + 2(t>H) -\jd'xdm{(t> £™C„p,) 
= jd'x{-4>^-\{dm(t>)e^^^'C^,,) . 



(C.15) 



^^Interestingly, this boundary term formally breaks the gauge invariance of the 3-form action. 

^^Ref. [8] also argued in the context of the Baum-Hawking-Coleman mechanism that adding the 
boundary term is necessary in order to got the right behavior of the quantity cxp(— (S's.eh)) which 
is maximized for A — >• 0+ and thus could provide a statistical explanation for the smallness of the 
cosmological constant. 
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The equation of motion for (j) is (f) = H which, when inserted into (C.15), reproduces 
(C.12) correctly, inchiding the boundary term. On the other hand, the equation of 
motion for Cnpq constrains to be a constant, = c with c e M. Like in the original 
action (C.12), the boundary term ensures these equations without imposing that SCfipq 
should vanish on the boundary. Here in the first order action the necessity of adding a 
boundary term becomes even more obvious, as it allows for the elimination of the 3-form 
from the action, leading to the dual action^^ 

-Sduai= [d'x (-c^) . (C.16) 



D Elimination of auxiliary fields 

Most of the known supermultiplets feature auxiliary fields that do not correspond to 
on-shell degrees of freedom. These can be eliminated from the action by using their 
purely algebraic equations of motion. The elimination of multiple auxiliary fields can be- 
come computationally involved, especially for complex fields. However, when they occur 
quadratically in the action, a generalization of the well known technique of "completing 
the square" simplifies this task a lot. Since we use this technique numerous times in the 
main text, we outline the general procedure in this appendix. 

Suppose we have N real auxiliary fields that occur in the Lagrangian as 

£ = D'^MabD" + JaD'' + C , (D. 1) 

where Mat, J a and C are arbitrary functions of all other fields contained in the action. 
In order for the Lagrangian to be real, Ja and C have to be real and M has to be a 
hermitian matrix, even though only its symmetric, i.e. real part contributes in (D.l), 
which we take to be invertible here.^^ To ehminate the we could simply insert their 
equations of motion 

2Re{Mab)D^ + Ja = Q ^ -\{ReM)-^^''Ja (D.2) 

into the Lagrangian (D.l). However the same can be achieved in a more elegant way by 
shifting the D", 

:= D'^ + |(ReM)-i"Ve , (D.3) 
to have the Lagrangian (D.l) assume the form 

C = b''{ReM)ab& - I J„(ReM)-i«V6 + C . (D.4) 

Now we immediately see that the first term in (D.4) (the "square") vanishes by the 
equations of motion for the D°- (or £>" respectively) and we can easily read off the final 
Lagrangian. 

^^Variations of the dual action with respect to the constant field c are not allowed since we impose 
the constraint 5c\dM = 0, i.e., 5c = 0. 

^^If ReM was not invertible, each of its zero eigenvalues would account for a constraint on the fields 
that couple to the which reads v^J^ = 0, where t; is a corresponding zero eigenvector. 
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Now suppose that there are complex auxihary fields that occur in the Lagrangian 

as 

C = F^K^iF*'^ + JaF" + J-;F*~^ + C , (D.5) 

where K is an invertible hermitian matrix, is a complex and C a real function of the 
other fields. Here the square is completed by shifting 

pa ._ pa ^ J*X-^ca ^ ^ 

SO that the Lagrangian becomes 

C = F^K^iF*^ - J*K-^^^Jb + C . (D.7) 

Again the "square" vanishes by the equations of motion for the F". 

Note that (D.5) does not give the most general form of quadratic terms for N complex 
auxiliary fields. One could also have terms proportional to FF and F*F* multiplied by 
a symmetric matrix M and its complex conjugate, i.e. 

C = F'^MabF'' + F*~^M*-^^F*^ + 2F''K^iF*~^ + J^F" + JIF*^ + C . (D.8) 

Now the task of completing the square is more complicated than for (D.5). However, by 
making the ansatz 

(D.9) 

one finds that the T" have to satisfy 



^K* M* I \T* I \J 
Provided that K and the matrix 



are invertible, the inverse is of the form 



fN G\ G^iK* - M*K-^M) , 

= ' ; , where (D.12) 



Then the on-shell Lagrangian becomes (note that G is hermitian) 
-^on-sheii = J^)H~^ ^ 



(D.13) 
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E Dual sigma model actions with a shift symmetry 



Not every sigma model action with 3-form multiplets can be dualized in the way described 
in sections 3.2 and 3.3. As an important application for string theory let us consider the 
specific class of Kahler potentials with a shift symmetry where K only depend on the 
real parts of the 5"", i.e. 

K{SrS) = K{S + S) ^ ^ = ^- (E.l) 

Then the arguments Fa of the Legendre transform K oi K also have to be real and a 
first order action is, in the massless case, given by 

^first = jd^z{- K{F) + FaiS'^ + 3'^))+ Bfi,,t , (E.2) 

with boundary terms as before (cf. (2.53)) 

-Bfirst -ijd^^ [Da {FaD'^U^ - D'^FaU'^) + h.c] . (E.3) 

Since the Fa are real, their component expansion can be written as 

Fa = fa + eeUa + + ea"'eWam + 6699 {d^ - ^Dfa) , (E.4) 

where /„, da and Wam are real. The superfield equations of motion for the action (E.2) 
are 

8K 

5" + ^« = — r , {D^ + D')Fa = . (E.5) 

The second equation (which is used to eliminate the 3-form multiplets from the action 
and find a dual action) imposes the constraints 

da^O, dmW'^^O, na = iCa, C„ G M (E.6) 

on the components of Fa- The second condition is solved by Wam — ^mnpqd^"' Ba"^^ with a 
2- form B^'^. Therefore we find dual action 

^dual ^-jd'zK(F) = jd'xk^'i - \d^fadmh " §^["5^ l^^S;^, - Cah) ■ (E.7) 

The 2A^3 bosonic on-shell degrees of freedom contained in the are distributed in the 
dual action among the real scalars /„ and the 2-forms S^^, each with A^3 degrees of 
freedom. 

As an example consider the Kahler potential 

K{S,S) = -\og{S + S) . (E.8) 
The massless action including the boundary term for the 3-form is then given by 

' = l^'^W^i- ^ /'''-^"((2RiMF^^""'"^-) ■ (^-^^ 

To find K{F), use the Legendre relation F = dK/dS = -{S + S)-^ and 

k{F) = -K{S,S) + F{S + S) = log(-F)-l. (E.IO) 
Thus the dual acion is given by 

^duai --jd'z ^(^) = /^^ 7^ ( - i^"^ - Id^'^BP'i^dnB,, - c') . (E.ll) 
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F Legendre transformation 



In this appendix we assemble a few facts about the Legendre transformation. For a 
smooth, strictly convex function K : M" M the gradient function 

s:W^ s,{x) := ^(x) (F.l) 

is invertible [28] and the inverse is denoted by x{s). Then the Legendre transform of K 
is defined by 

k{s) := Six\s) - K{x{s)) . (F.2) 

In particular, K satisfies 

dK dK ■ 

Ki—) = —x' - Kix) for all x . (F.3) 

^ dx' dx' ^ ' ^ ' 

For the derivative of K one finds 

dK , , dx^ dK , , dx^ ,• , , ,^ , , 

— s = Sj — + x'-—{x{s))— = x\s) . F.4 

dsi ' ^ dsi dx^ ^ ^ dsi ^ ^ ^ ^ 

If we denote the variable of the double Legendre transform K as x, the function s{x) is 
defined by 

(F.5) 

Thus equation (F.4) shows that x{s{x)) = x (i.e., x is really the original variable x) which 
implies that the Legendre transformation is its own inverse: 

A{x) = x'si{x) - K{s{x)) ^^^^ 
= x'si(x) - {si{x)x\s(x)) - K{x{s{x)))) = K{x) . 

From the relations (F.l) and (F.4) it follows that 
d'^K d^k dsi dx^ 



dx^dx^ dsjdsk dx^ dsk 



5f , or Hessis: = (Hessi^) \ (F.7) 



where the derivatives of K have to be evaluated at s{x) — dK/dx when those of K are 
evaluated at x. 

In the case of a Kahler potential K{z, z) with Kahler metric 

Kf. = (F.8) 

one has 

Hessi^=ff^-' ^}\, Hessii:=f^! . (F.9) 



K-^j Kj-j) ' \K'^ K'^ 



The inverse of a block matrix of the form of HessX is given in equation (D.12). Thus 
we obtain the formula 

Kfj^(K~^'-K^~^k^^k^'Y^ . (F.IO) 
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